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ABSTRACT 


In this thesis, we study the local saturation and inverse 
problems for Bernstein-type operators S,(f,t), which include the 
Bernstein polynomials, Szasz operators, Post-Widder operators, 
Phillips operators and Baskakov operators, under the combinations 


defined by 


S,(£,k,t) = (2°-1)*[2"s, ,(£,k-1,t)-S, (£,k-1,t)] 


a) 
S,(£,0,t) = 
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The saturation problems are investigated in Chapters II and 
III, while the inverse problems are investigated in Chapter IV. A 
local saturation problem is that of determining the class of functions 
f(t) for which the optimal rate of convergence S,(£,t) Se) ees 
achieved for f£ in some interval. A local inverse problem is that 
of determining the smoothness of functions f for which the rate 
of convergence of 5, (£,t) +> £(t) is slower than the optimal rate. 

In Chapter II, local saturation results for Bernstein poly- 
nomials, Szasz operators, Post-Widder operators and Phillips operators, 
under combinations given in (1), have been achieved. We prove that, 


ase) p2kt2) 


it Ils, (£.k,0)-£(Ollor. 9} = O(n then @ i fa,b]- 


In Chapter LIL, generalizations in two directions are made: 


firstly, we prove a local saturation result for Baskakov operators 


under combinations (1); secondly, we define a new type of combination 
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which is more general than the combination (1). The saturation result 
for Baskakov operators is similar to the results achieved in Chapter II. 
The new combinations that we defined contain the combination (1) as 

a special case. However, a different special case for combinations 

of Bernstein polynomials can be constructed, for which a polynomial 


with the same degree that in (1) would yield optimal rate of face) 


will have the optimal rate anak 

The proof of the saturation result for the new combinations 
needs results from Chapter IV, where we study the inverse problem 
for Bernstein-type operators in the "general" combinations (the 
new combinations). Using this result as an intermediate step, we 
achieve the saturation result for the general combinations. 

Chapter V is devoted to the saturation and inverse problems 
for combinations of some exponential formulae of semigroups of 
operators. Using similar techniques as in the previous chapters, 


saturation and inverse results for the exponential formulae of Szasz, 


Kendall, Post-Widder and Phillips are obtained. 
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CHAPTER I 


INTRODUCTION 


The theory of approximation is an old and important subject 
in analysis. Racer results are very rich and exhaustive, yet many 
problems are still unsolved. 

In the theory of approximation, one of the basic problems 
is to approximate a given function f in xX either by functions from 


some preassigned classes S. (S 


" cae X), or by functions S,(£3°) 


"constructed" from f. In the first situation, one considers nested 
classes {S, 3 AX € A} such that Va S, is dense in 4X; *and**f 

is approximated by elements of S,: For example, s, are subspaces 
of all trigonometric or algebraic polynomials of degree n. In the 
second situation, the approximation processes {S(£,°)} are families 
of linear operators on f such that S,(£,x) converges to f(x) in 
some topology. Fejer operators o(£5°) and Bernstein polynomials 


BL ff,°) defined below are approximation processes of this type. 


aan (n+1)u }2 


T 
ri ih g 2 fod ae 
(lel) o(£,t) TRE) I f(t-u) cae du, f£ 2m periodic; 
Dee nixteel n-k 2,k 
(ups : Bettye) = fh Pion Wel Mate heog kM 


A natural problem is estimating the rate of convergence of 
lf - S,C£,*) || +0, “or “dist (£,8,) > 0 5° as 4 >. Probably*the 


first discussions of problems of this type were by Lebesgue [37] and 
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de La Vallee Poussin [59] in 1908. A pioneering theorem of 

D. Jackson [34] in 1911 in this direction shows the connection of the 
smoothness (modulus of continuity) of the given function f and the 
"error" (rate of convergence) of dist (£,P), where ae is the space 
of trigonometric polynomials of degree n. 

A Jackson-type theorem is a result that determines the rate 
of convergence of eeoytrn) | (resp. dist (£,5,)) in terms of 
properties of the given function f. A Jackson-type theorem is also 
called a direct theorem. For most approximation processes, the rate 
of convergence is faster for smoother functions. 

A direct theorem for Bernstein polynomials B Cf .x) was 
proved in 1935 by T. Popoviciu [47], who showed that, for 
fe c{0,1], |£(x) - B.(£,x)| <2 (n), where 
wth) = sap {| £(x)-£ (tt) |; FEL Nee xe atc-e LO;tiy is ther modulus sor 
continuity for f. 

In 1932, E. Voronovskaja [60] showed that, if f « coer, 
then nim, n[B_(£,x)-f(x) ] = 2X). 5(x), From this asymptotic 
result, we see that even for f « Gpovery | the rate of convergence 
of B Cf .x) would not be faster than that of functions in co This 
leads to the concept of saturation introduced by J. Favard [24]. 

The saturation problem is that of determining the family 
WA), WA) +0 as At”, and the class, called the saturation class 
or Favard class, of functions f such that [le-S.(£>%) || = O(W(A)) (Cor 
dist (£,S)) = O(y(A))), but, except for "trivial" classes of functions, 
the order of convergence, wW(A), cannot be improved. The saturation 


result is also referred to as the "optimal case" because the optimal 


rate of convergence is treated. 
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The inverse problem (as being the inverse direction of the 
direct problem), called also the non-optimal case, is that of 
determining the class of functions f such that {EES AC So ~)1| =0(~'(A)) 
(resp. dist (£,5,) = O(v'(A))), where w'(A) tends to zero slower 
than the optimal rate y(A), and is usually chosen to be oOo 
Osean aly 

In the literature, most saturation and inverse results for 
operators are on positive operators. Because of the Korovkin theorem, 
the convergence of a sequence of linear operators is determined by the 
functions 1, x and a which relate to the first three terms of 
Taylors expansion and hence one cannot have a faster convergence than 
that of c? functions. Therefore, the saturation classes for positive 
operators would generally contain smoothness properties up to having 
second derivatives. In order to obtain more efficient approximation 
operators, one has to consider non-positive linear operators for which 
faster rates of convergence may be obtained with saturation classes 
related to functions having higher derivatives. 

In this thesis, we investigate some non-positive approximation 
processes obtained by certain linear combinations of some classical 
operators, e.g., Bernstein polynomials B (ft), Szasz operators 
S+(£,t), Post-Widder operators s“(£,t) and Phillips operators 


s°(£,t), defined by: 
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Baskakov operators are also treated in Chapter IIl. Most of the 
results we: achieved stem from similar results for Bernstein polynomials. 
A saturation result for Bernstein polynomials was first 
achieved by K. de Leeuw [12] in 1959. This result was later refined 
by G.G. Lorentz [41], and by B. Baj¥anski and R. Bojanic [2]. Both the 
technique used by Lorentz and that of BejSanski-Bojanic nave been 
extensively developed and generalized. For the applications and 
extensions efisaisanskictejanie's parabola technique, we refer the 
reader to the works of V.G. Amelkovic [1}, CG. Muhlbach [46], 
G.G. Lorentz and L. Schumaker [42], H. Berens [5] and R. DeVore [15]. 
Lorentz's technique has also been developed by L. J. DeLuca, 
K. Ikeno, Y. Suzuki and S. Watanabe [13], {33}, {53]-[{55]). In this 
thesis we shall use the technique of Lorentz rather than the parabola 
technique. 
Lorentz's saturation theorem for Bernstein polynomials is 
a global result. He proved that, for f e« C{0,1], f' « Lip 1 if and 


BLA) . In this thesis we shall achieve 


only if |B (£,x)-£(x)| < M 
local saturation and inverse theorems for certain linear combinations 


S,(£,k,t) of some "Bernstein-type" operators S,(£,¢) (which 
contain the operators (1.2), (1.3), (1.4) and (1.5) as well as 
Baskakov operators). The lecal problem is to determine the smoothness 


of f£ in some interval from the rate of convergence of 
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sup |S, (£,k,t)-£(t) |, where the supremum is taken on the same interval. 
Chapter II, Section 1 is devoted to the study of the local 

Saturation problem for BL (f.k,t), which is a linear combination of 

_ Bernstein polynomials. B(f,t) defined by P.L. Butzer [8] as 


L pais 


ye 
C21 ie [2 B, Cf k-1,t)-B_ (£,k-1,t)] 


B_(£,k,t) 
GIG) 


B_(£,0,t) B (ft) 


The rate of convergence of B (fk, t) has been investigated by 
Butzer in [8]. The saturation result we obtained is for f « G{O SL), 


f (2k+2) : 


|B (£,k,t)-£(t) || 0¢ implies L{a,b], where 


=o) 
C[a,b] aktl 
Og@ a 0- be= 1. (Ce.f., ‘theorem 1i.1.2) see "also [21]. 

In Section 2 of Chapter II, we investigate the saturation 
classes for a number of classical approximation processes S,(f,t), 
(e.g., Szasz, Post-Widder and Phillips operators defined in (1.2)), 
under the combinations S,(£,k, t) similar to B(£,k,t) Cela, 
equation (2.20) in Chapter II). We found that, in spite of their 
very different appearances, these operators and the Bernstein 
polynomials are, from the point of view of rates of convergence, very 
similar operators. In fact, we found that the rates of convergence 
of s_((x-t)*, t) oO ele Llosa sey ASU eee Del OL. CAC sore tiese 
operators are the same as B_((x-t)*,t) +0 for Bernstein polynomials 
(c.£., Lemmas II.1.8 and I1.2.8). This property essentially determines 
the correspondence of the smoothness of the function with the rate of 


convergence of S,(£,t) + £(t). We therefore refer to these operators 


and the Bernstein polynomials as the Bernstein-type operators. For 
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some of these operators, for example (1.4), (1.5), no saturation theory 
even for the positive case k = 0 was known. 

In Chapter III generalizations in two different directions 
are discussed. In the first section we investigate. the saturation 
problem for the combinations of Baskakov operators (the definition 
of Baskakov operators will be given in Chapter III, Definition III.1.1). 
The construction of the Baskakov operators is a general setting for 
Bernstein-type operators. The Baskakov operators, which include the 
Bernstein and Szasz operators, are also Bernstein-type operators. 
However, the results we have achieved for Baskskov operators: (c.f., 
Theorem III.1.2) are only satisfied for functions with growth not 
faster than some polynomials while the results for Szasz operators 
(c.f., Theorem II.2.1) are satisfied for functions with growth not 
faster than some exponential functions. Nevertheless, our restriction 
is still less than the one used by Baskakov ([3], p. 250) and Suzuki 
((54], pp. 430, 431 and 441). Baskakov's convergence theorem and 
Suzuki's saturation theorem were only for bounded functions and for 
functions with compact supports respectively. 

In the second section of Chapter LII, we have solved a 
problem raised by Butzer: in the paper ([8], p. 567) he asked 
whether there exist any linear combinations for Bernstein polynomials 
other than the one discussed there (i.e., (1.3)), such that it is a 
polynomial of the same degree as B ff 5k, t) but with faster optimal 
rates of convergence. We solved this problem by defining a more 
general combination, such that the combination investigated by Butzer 


is a special case. Butzer defines the combinations by induction 
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(i.e., by equation (1.3)); while we define the combinations by the 


explicit formulae for the coefficients: 


. k 
SAS oad Sp S02 


4j=0 
Cl. 7) 
k d. 
C(j,k) = I a 
"a de—) cd. 
=) 4 i 
i#j 


The coefficients depend on k+l arbitrarily chosen distinct positive 


integers dgs---sd With the proper choice of these integers 


ik! 
(viz. d, = itl), formula (1.7) would define a polynomial of degree 


i 
a Cee Hers 


(k+1)n with the optimal rate of convergence 
Remark III.2,5) while for that rate Butzer needed a polynomial of 
degree Done 

The saturation problem for Bernstein-type operators under 
the "general" combinations (1.4) has also been investigated and a 
similar saturation result is also achieved. However, the proof of this 
theorem has to be delayed until the end of Chapter IV after we have 
achieved the inverse results for the "seneral'" combinations of the 
Bernstein-type operators. 

Chapter IV is devoted to the inverse problem for Bernstein- 
type operators (for the "general" combinations). In the literature 
the starting point of the inverse theorems follows an inequality proved 


by Bernstein [7] in 1912 for periodic functions approximated by 


Pp 
d 

trigonometric functions, and analogously estimates of ies S,(£,x) || 
dx 


play the important roles in the proof of the inverse theorem here. 
An inverse theorem for Bernstein polynomials was first proved by 


H. Berens and G.G. Lorentz in 1972 [5] (see Theorem IV.1.2). They 
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applied the recently developed K-interpolation method of 

J. Peetre (c.f., e.g., ([10], p. 165))-to solve the problen. 
According to their remark ([5], p. 693), an elementary method has 
also been tried but they could not obtain a complete solution by such 
a method. R. DeVore had also attempted this problem and obtained 
some weaker result some time ago (c.f., the remark in [5], p. 694). 
After Berens and Lorentz's result DeVore solved the inverse theorem 
for Bernstein polynomials by using the parabola technique (see [14] 
and also [15]). 

We solve the local inverse problems of the combinations 
discussed above following the Berens-Lorentz method. In Theorem IV.1.4 
we proved an inverse theorem for a number of Bernstein-type operators 
(e.g., Bernstein polynomials, the operators of Szasz, Post-Widder and 
Baskakov) under the "general" combinations. We should, however, 
particularly mention here, that we are not able to prove the inverse 
theorem for Phillips operators (1.5). 

By using the inverse theorem as an intermediate result, we 
proved the saturation theorem of "general" combinations of Bernstein- 
type operators in this chapter (Theorem IV.5.1). This theorem also 
includes the Phillips operators (1.5). 

As an application, in Chapter V we show a saturation 
and an inverse theorem for linear combinations of exponential formulae 
for semigroups of operators (Theorems V.3.1 and V.3.2). 

We would like to emphasize here that an attempt to use 
elementary methods has been made through all the proofs. Therefore, 


in some places, more than one proof has been given. 
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CHAPTER II 


SATURATION THEOREMS FOR COMBINATIONS OF 


BERNSTEIN-TYPE OPERATORS 


Saturation theory is an important part of approximation 
theory. It is the study of the problem of determining the class of 
functions for which a given approximation process has the optimal 
order. The concept of saturation was first introduced by J. Favard 
in 1949 for summation methods of Fourier series [24]. 

For Bernstein polynomials 

n 
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‘) 
the saturation result was proved by de Leeuw [12], Bajsanski and 

Bajanic [2] and Lorentz [41]. The method of proof used by Lorentz and 
that of Bajsanski and Bojanic have also been applied to other 
eporertiatcton processes [33], [53]-[55]. 

After obtaining the saturation class for a known approximation 
process, the following questions arise naturally: Is it possible to 
construct from well-known operators new ones which approximate the 
original functions with possibly faster rate? If so, how does one 
construct such operators, and, can one determine their saturation 
classes as well? 

Butzer [8] approached these problems by using the following 


linear combinations as the new approximation process: 


= 9u2 


hotea: f rts 
- 2 eK an el fs 
: a he Rd 

Ww me Bera ena Ry 
cn on it aaa pss 
brevet .L ud cahpnadnd 5 Sek asw a . ma oe 7" 
AOS) wbase ols o0% ” » i “4 ; 
hats nid Me” ea 

: 7 


= 


F 


= 


ap S eclas L-any! 


‘ae 


hos Edanseted: .[S1) en oh led “bs\ 


brs sYhoi10l Bd Bsa Yoorts selaaied ni 2a | 


telto 93 bat bats nage cela t 


; eee 


aiiVed dc mgorbl = dds ENAty, cae 
&2 4ldiagog 3! eI ‘eliemtge germ 


adi sinalxorqds cds ate the 


oe i 
Ie 


so basi wor o8 MT 
pobaaruane chs 


10; 


Kage wie se 
B(£,k,t) (2. =) 2 Boy(fok-1,t)-B (£,k-1,t)] 


(2.1) 


BL (£,0,t) B (ft) 

The rates of convergence for such combinations have also been 
investigated, not only for Bernstein polynomials (see e.g., [8] 

and [20]), but also for other operators (e.g., for Gamma-Operators, 
see [38], where they investigated the case when k = 2). In this 
chapter, we shall investigate the local saturation problem for 

such linear combinations formed from a number of classical operators. 
One should note however that Butzer's direct theorem result will 


also be extended here. 


§1. The Saturation Result for Bernstein Polynomials 


We shall prove the saturation theorems for Bernstein poly- 


nomials in this section. 


Definition II.1.1 
An approximation process 5, on a space X is called 


‘optimal" order Y(A), where yA) > 0 


"saturated" if there exists an ' 


and 


,1im,, W(A) = 0, and a degenerate class of functions L(S,), such 


that 


(1) [SR cegt css ch o(y(A)) if and only if f € L(S,) ; 


(11) there is a function ce € L(s,) such that 
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The saturation result for Bernstein polynomials will be 


given in the following theorem. 


Theorem II.1.2 
Getmeine C(O (1). 0 “<lascoae <b ee be 1k en =n ve and 
1 1 Z Owes 
k+1 
TCfjo,kya,b). 2an BCE £0 Mors 7° Then in the following 
(1) ==> (2) => (3) and (4) => (5) => (6): 


(1) I(f,n, ,k,a,b) = 0@1), aes; 


CMe casa Neen CACayo) mand ies Bs ent feeb) 
(3) 1(£,n,k,a,,b,) = 0(1), >; 
(4) I(f,n,,k,a,b) = o(1), aes s 
; 2k+2 R 
(come eeeec ae (ato Landes OCP ret yt fan" 
i=k+1 


t «€ (a,b), where Q(i,k,t) are polynomials depending 


on k; 
(6) I(f,n,k,a,,b,) =o bs gi nes ©. 


We shall prove this theorem by induction. In case k = 0, 
this theorem has been proved by de Leeuw in [12]. However, we would 
like to point out that the proof given below also can be used to 


prove the case k = 0 directly. 


§1.1 Outline of the Proof of the Bernstein Polynomials Saturation 


Theorem. 


Since the proof is long and intertwining, we shall outline 
the proof in this subsection and give the details in the following 


subsections. There are seven basic steps in our proof. 
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(I) We first observe that, for each k and any bounded function 
f continuous at t, the relation tim, B(£,k,t) = f(t) holds by 
applying the defining relation (1.1). We use the following lemma to 


k+ y 


reduce the saturation result of no (8. 6.k. Det G@ IIe O(l) eon 0(1)) 


to that of n|[B, (£,k,*)-B (£,k,-)|[= 0(1) (or 0(1)). 


Lemma I1I.1.3 
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(Il) Using Lemma I1I.1.3, we have 


k+1 oo 
n, Bon Esk, Beene Mleta.b] = M. (Since for any ¢g € o. such 
that supp g ¢ (a,b), we have ge L, [a,b], the dual space of which 
is L [a,b], then by means of Alaoglu's theorem, there exists an 


he L [a,b] and a subseqeunce {n, } of {n, } such that for any 


g as above, we have 


(242) <n [B (£,k,°)-B Cosel g(+)> aa =h(*) ,8(-)> ° 
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(III) In an effort to investigate the expression (2.2), we 


k+1 
derive an asymptotic relation for n [B,(£,k,°)-B (f£,k,°)] 


+2 
provided that f «€ ome : 


(ite 28) po = {| re 
(fo teh ees | 


bs te 
| ris | ie 
guiwolini sid nt sed “gm - nM pa. {1,030 2% nd > 
ro) — 
| *t [fe x03 Sia le JA * 1a,)) ae 


if “Lis 402 al EP fey qa. i ay 


—° ifs vat , = ys die +VIaCs yd) 


sed bw {6.0.00 apie 


dale 2 > g ns yo? soate > ta ave aes 


Hotdu ao saaqe’ leuk edt [ddl sg stad ew deh 9 ane 
my atalas ereht, ,assoeks 3's tgee th Fa, enna trite Ss 


vn sot J6¢3 sue (eb #601 oP cohuspsetve fie 


. <CJe id ~ <t-Dg VEC aR) an iar, : 


su ,(S.S) mobwensqys ‘aris sdegtteeynt oe: venti | 


Be tc Cot),t)o toF aeeLeraisesgmens am 


\ ae be Ane 


asic 
Lemma II.1.4. 


bet €reesc(Oslis It pelea exists, then 


2k+1 


Tp ae0 Gigi oe 
dake] 7 


(4) 


(2.3) at (B, (£sk,t)-B. (£,k.t) ] (t)+0(1) 


(D) £(t)+o(1) 


il 


roe? 


where Q(4j,k,t) are polynomials in t and also 


Q(2k+2 ke, t) = cj fe(a-t) 1", Q(2k+1,k,t) = c, [t(1-t) ]*(1-2¢) 


A + 
Moreover, if f «€ c7k “ta bl: then (2.3) is uniform on 


every interior subinterval [a}.b,] eiCa,b):, 


(IV) As a consequence of Lemma II.1.4, we have for f « Satie cale 


ge C, with supp g ¢ (a,b), the following relation: 
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where Patz (PD) is the dual operator of P (D). (In this case, 


2k+2 


in fact, it is nothing but a result of integration by parts.) 


(V) Now suppose f satifies statement (1) of the theorem. For 
such f, we shall prove pete Li la,b] as an intermediate result, 
which will be used in furtherestimations. This fact follows by the 
following lemma, and the induction hypothesis that the theorem holds 


for k-l. 
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Lemma [1.1.5 
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for such a sequence f we need the following crucial lemma: 
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Thus, for {fo} Cac : [a,b] nm C{O,1] , converging to f 


in | lane -norm, the limits in (2.5) can be interchanged. 
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Consequently, if f satisfies (1) in the theorem, it also 
| satisfies (2.4). Combining this and (2.2), we get <h(-),g(-)> = 


ca ch Gos) Wee ol CD) eG) >. tor al lemme oe with supp g c¢ (a,b). 


* 
2k+2 
This implies Po reeg 6D) E(t) = h(t) since they are 


euqal as generalized functions. However, as a first order linear 


differential equation for os with the non-homogeneous term, 
which can be represented in terms of po. dee and Wi eet 
L,[a,b], we deduce that eam €é A.C.[a,b], and hence 

fee e 8 [a,b 


(VI) The "little o" part is similar with only one difference: 
# 
instead of <h(-),g(°)> = <£(+) sPo p44 (D)8-)>, we have 
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(VII) The implications (2) => (3), and (5) => (6) in the 
theorem are slightly stronger than Lemma II.1.4. But as 
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The rest of these proofs are computational and will be omitted. 
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Proof of Lemma II.1.5 
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which concludes the proof. 


§1.3 A Recursion Relation 

The proof of the other two lemmas requires further results 
which we prove in this section. These results will also be used in 
subsequent sections. 
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rest are derived from (a) and induction. 


§1.4 The Voronovskaja-Type Relation 
Using the formulae established in the last section, we 
prove Lemma II.1.4 in this section. 
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Let e€ > 9 be given. Choose a. 6 = 6(e,t), such that 
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and so the uniformity of (2.3) follows. 


§1.5 The Crucial Step 
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81.6 Remarks 
1. One cae write Theorem II.1.2 in such a way that the 
conditions are necessary and sufficient, as is common for saturation 


results, as the following: 
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2. The gap between the necessary and sufficient conditions 
in Theorem II.1.2, namely, the fact that the conditions are not on the 
same intervals, though not a big gap, is vital. 

When the intervals are changed to be the same, the theorem 
remains true only for some special cases, for instance, the case of 
functions with compact supports in the interior of the interval. That 
is, modification of the end-points, either for functions under 
consideration or for intervals being dealt with, is necessary. We are 
not doing any further investigation in this direction. 


In the general case, however, the result will not hold if 
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§2. The Extension of the Saturation Result to Other 


Bernstein-Type Operators 


The combinations of Bernstein Polynomials discussed by 
Butzer [8] and by us in Section 1, form a new class of operators 
converging to the function with faster rate. One can apply the same 
combinations to many other operators and obtain new approximation 
processes with faster convergence properties. 

For instance, we shall apply these combinations to operators 


of the form 


i y CO 
Sedan i) ie W,(A,t,u)f(u) du, 


with the kernels given in (2.19) below, and shall obtain similar 
Saturation results for these new operators. 
Explicitly, let 
Ge) = f W,(A,t,u)f(u)du, i = 1,2,3,4, 


0 
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S(£,t) is commonly known as Szasz's operator. ofa.) ita. 3 4, 
are essentially due to Post-Widder, Phillips and Weierstree 
respectively. Some of the properties of these operators have 
recently been investigated in [21]. See also the classical text 
PMS 

Similar to Section 1, we define the combinations for 


HS) as follows: 
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Then we have the following result. 
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where Q, (m,k, t) are polynomials depending on k and i; 


(6) I; (£,n,k,a,,b,) =O) peer ta oS. 


The basic ideas from the proof of Theorem II.1.2 will apply 
and we shall only discuss the points for which necessary changes 


have to be made. 


§2.1 The Necessary Changes in the Proof of the Saturation Theorem 


First of all one notices that, for the case k = 0 : 
the saturation theorem has been proved only for Szasz operators in 
[54], while for the other three operators, there is no theorem in 
hand to support us as a starting point of the induction process. 
Therefore, we assume the theorem is true for k-l for Szasz operators, 
while for the other three operators we do not use induction. 

The essential difference between this theorem and the 
Theorem II.1.2, namely, the unbounded intervals, is modulated by 
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the growth condition | £(t) | <Me . This condition, owing to the 


following lemma, assures us that the operators will converge. 
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Lemmas corresponding to Lemmas II.1.3 and II.1.5 in the 
proof of Theorem II.1.2 are stated and proved Similarly. In other 


words, we have the following: 


Lemma I1.2.3 
Let f satisfy the conditions in the theorem and A BE). a6 


m= 1,2,3,... . Then for each i € {1,2,3,4}, the following holds: 
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We remark that we shall not use Lemma I1.2.3 (2) for the 
operators i = 2,3,4. However, we do need this lemma to conclude 
that, in the case of Szasz operators, pen) € L [a,b] LES EL 
satisfies (1) of the theorem. 


The lemma corresponding to Lemma II.1.4 is also similar while 


the proof is not as simple: 
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Let f satisfy the conditions in the theorem. If, in 
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where Q, i,k, t) are polynomials in t. Moreover, 


k+1 


: kos 
Q, (2kt1,k,t) = cop, (t) p(t) 


where 


(2.23) Oh ENC) eae MMe: Rear gy ces eh 


and the cy j are absolute constant. 

Lt or € cools ben then (2.22) is uniform in every 
interior interval [a »b,] Ga Carb )ie 

In the lemma corresponding to Lemma I1I.1.6, two changes 
are necessary. Firstly, we need to replace l|£|| = ae FeCt yi for 
in this case, the supremum is unbounded. Secondly, for the operators 


2k 
other than the Szasz operator, since we have not had ) 
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from the induction hypothesis, we cannot choose a sequence {£,} 
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Now we can state the rectified lemma: 
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§2.2 The Asymptotic Result 


In order to prove Lemma I1.2.4, we begin with some preliminary 


lemmas. 


Lemma I1.2.6 
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but more interesting. We have the following lemma instead: 
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Thus, for i = 3, the lemma is proved by induction. 
Lemma I1.2.4 now follows easily by the above lemma, the 
analogue of Lemma II.1.9, and the appropriate modifications of 


the proof of Lemma II.1.4, the details of which we shall omit. 


§2.3 Justification of the Interchange of the Order of Limits: 


Proof of Lemma II.2.5 


The proof of this lemma which allows us to interchange the 
limits in (2.26) is quite involved so we shall divide the proof into 
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details will be omitted. 


The proof of Lemma II.2.5, and hence of Theorem I1.2.1, 


is complete. 
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CHAPTER IIT 


GENERALIZATIONS 


§1. Saturation Result for Baskakov Operators 


We have seen in the last chapter that a number of operators 
have similar convergence properties. A natural question arises: 
Does a similar result hold for some general operator? 

In a private converation, Professor G.G. Lorentz inquired 
as to the possibility of obtaining a similar saturation result for 
some 'peneral"' operators, for instance the Baskakov operators. The 
saturation results for these operators are resolved in this chapter. 

The definition of Baskakov operators given below can be 


found in [54]. 


Definition III.1.1 
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Examples of Baskakov operators are: 
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We shall investigate the saturation problem for the same 
combinations as were investigated in the previous chapter. 


we define the following notation by induction: 
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Bernstein polynomials and Szasz operators respectively as special 


cases; on the other hand, (a) and (c) are special cases of (d). 


Explicitly, 


1 tent ie 32 
M, (£,k,t) = (2 -1) [2 M,,(£,k-1,t)-M, (£,k-1,t)], 


M,(£,0,t) = M,(f£,t) : 


54. 


x 
Ga 


In particular, (a) and (b) show that Baskakov operators include the 


k e 


> 


. ee , : ; | MDS ? | 
i ee 4 ; 
ae peyien + thc - 

ma 1% ms aie soa | 
» bin ah. det hee (ap | as 
oe we tine i se - 
path ae og Oe 
, 7. ino b 
i Litbtid es Fe ~ te shs 7 wt 
ep Ee GL Stead ans | 7 
i YS rm 

of I aia 3 ieee (aOHE) 40 by : 


a 


si actsihiedl lik wi waded) bie Gu) sala a 
Latooge ae) eaytabegtes erashrace T280! bth afeteoreiog shosenmed a 
hth) Ae hao Katmga 486 (2) ben (a) heme xyna0 ont ow fomgs | |) 
Maen i TO welds oalastinae oA otngiveavad ade ot 
tabs laet cxedgeds a epee hme 
“ihe a 


eee 


In [54] Suzuki has investigated only the case of continuous 
functions with compact supports (c.f., also [3]). The saturation 
result he achieved for Baskakov operators can actually be extended 
to functions with growth not faster than some polynomials, that is, 
to functions satisfying Reger. MCEeE) for some M and A> 0 
(see Lemma Ea he teas. below). This refined version will serve as the 


starting point for the proof of the following theorem. 
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For convenience, let v(t) = ee)" be the dominating 


function in the statement of the theorem. Also, let W(A,t,u) = 
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z= i} (=i) pe t Su aie be the kernel that gives rise to the 


k=0 
Baskakov operator M(f£3t). 


§1.1 Descriptions of the Changes in the Proof. 


First of all, in order to ensure that M,(£,k,t) is 
.really an approximation process of functions f that are dominated 
by v(t) for some A> QO, and that a similar saturation theorem 
to the one obtained in [54] remains true for such functions, we shall 
prove the following lemma for general positive linear approximation 
processes. The lemmas of this section will be proved in later 


sections. 
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uniformly in any bounded interval. 
If we denote the kernel of M(f,t) by W(A,t,u). Then the 
above lemma can be re-represented as 
P 2m - 
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0 
Following the outline of the proof given in Chapter II, 
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Proceeding through steps IV and V of the proof in Chapter Tie 
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Ac 
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W(A,t,u)u 


ECitety WA: £,u) Curt) 


(OE .Ds) 


Following Lemma III.1.7, one can easily deduce by induction 
a result similar to Lemma II.1.8. The first step of the induction is 
; oe i i 
justified since M(x ,t) = t’ for i= 0,1 (see Baskakov [3], 


p. 249). 


Corollary III.1.8 


Bee ACCES = A f WOst,u) Git) "au m= ULL, 
0 


then the following holds 
" de 
(1) A. Qst) = mp(t)a Ca, e)tp(t) SA Ost) 


(2) A OAst) is a polynomial in }) and t; 
(3) the degree of A GAs t) ie is [5]; 


(4) the coefficient of x” in the polynomial Ay 6A» t) is Cy p(t)™ 
, m 

and in the polynomial Ay ty Or») is c,(it2ct)p (t), where 

pOE = t(ltct):. 


The next lemma provides the estimates needed in the proof 


of Lemma III.1.6. 


Lemma III.1.9 
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a fixed integer, then for y = 0,1,2,...,M, the following equation 


holds. 


De ee 
6327) mf J WOA,t,u)g(u)t dt du = 
a QO 


> m) (mty) + i 
) 8G) = 


m 
ne 6425) 


PLOor = 
First, we prove the following assertion: 
(3.8) (-1)" Fo (ey Fat Jeans Si ee See 
; 0 r (A-c) (A-2c) ... (A-(Ck-mt1) c) 


for non-negative integers k and m such that k-m < M. 
The proof is by induction. First, from 


(k-1) r 


CE) =.= th ce, we have 


: of SR Se ae 
ie @Aeydt - ye ~ dee Ve : ~ =e ee A-c 


Hence, (3.8) holds for m= 0, k= 0. For m= 0 fixed, we 


by induction on k. Suppose k+l <M, using conditions (4) 


iy (A-c) (A-2c) «.. (A=(y#1)e) ° 


proceed 


572) -and 


(5) in Definition III.1.1 and the integration by parts, we have 
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by the induction hypothesis. Therefore, (3.8) is valid for m= 


anaes 20 Oro. iM, 
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Now, assume (3.8) holds for m-1 and all positive integers 


k <M. We first show by induction that (3.8) holds for m and 


k-m < M-1l. By using a similar technique to above, we have 


i o6™ () 3 dt 
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“Next, for m and k-m=M, by using conditions (4), (2) and (5) 
of Definition III.1.1, the integration by part, and the induction 


hypothesis, we obtain 
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0 0) 
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Hence the proof of equation (3.8) is completed. 
Using relation (3.8) for k= mty, y = 0,1,2,...,M, 
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Hence, 
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Si-3) Prootssct Lemmas lll sie 35 ibe ide and (.1ilsie 5 
We first prove Lemma III.1.3 
Let he ¢ (a) be a function with compact support, such that 
h(t) = 1 on [a-6é,b+é] for some Hee O, mand sup [h¢t) | = 1. 
tre 
Now assume |f(t)| <M g(t). 


If condition (i) in the lemma holds for functions with 


compact supports, then, for t« [a,b], we have 


(3.9) S\(£,t)-£(t) = f wWQ,t,u)£(u)h(u)du - £(t)h(t) + 
Q 


ie W (tu lé(@)-£Qh(w) Ida, 
Q-[a-6,b+6 ] 


and since 


(gei03? ff W (A, t,u) [£(u)-£(u)h(u) ]du 
Q-[a-6 ,b+6] 


ZOU f fete wreath teal g(u)du = 1(6) 
a Q 


from which using the Cauchy-Schwarz inequality we obtain 
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(M1) Cs) (aud P i fiewe G2 Caer aul )! Lf enema cones cyaul 
i) Q 
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Hence (i) is also true for functions hECE) i < Mg(t). (For the case 
of uniform convergence, it is enough to notice that the estimate in 
(J2rL) eis uniform in [a,b]. 

Now suppose IIs, (£.0)-£(O ora yy = O(o(A_)) 
<or o(o(A ))>; f(t) | A ates and assume (ii) is true for 
functions with compact supports. Choosing h as above, we have 


for, te fa,b] 
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* 
(3.14) Ils, (he) e( Vlora py = 0(0(A,)) <resp. 0(0(A,))> . 


Therefore it follows that 


fh| £| 


fash ls” SM Peehtt se [ee 


by the hypothesis. 
Part (iii) can be proved similarly. 
Lemma III.1.4 follows readily from the Corollary III.1.8. 
We note that, since a A (Ast) » and hence Mie) are polynomials 
ioe ce and ee Mi Cp, (x), t) is uniformly bounded, where 
¥ Ox) = Cte) Therefore, the dominated function in the theorem can 
be chosen at least as NG) for any A> Q. 
The proof of Lemma III.1.5 follows the same arguments as 
Lemma II.1.4. Let the numbers a(j,k) be defined by 
k+1 
M, ,(£,k,t)-M,(£,k,t) = i a(jsk)M ,\(f,t) 
j=0 2 
Clearly, these are the same numbers as defined in equation (2.10) and 
so Lemma I1I.1.9 can be applied. Using Lemma II.1.9 and Corollary 


T£I.1<7, the proof of Lemma 11.1.4 contained in Chapter II, Section 1.4 


can be appropriately modified to obtain Lemma III.1.5. 


§1.4 Proof of Lemma III.1.6 


The proof of Lemma III.1.6 will be similar to the proof 
of Lemma II.2.5. As in step 1° of the proof of Lemma 11.2.5, 
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k+1 
r < [M, ,(£,k,°)-M, (£,k,°)1,8(-)> 
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where 
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The fact that Jy = 0(1) follows from Corollary III.1.7, 


as the integration in t is only over a finite interval. 
To estimate Jos we notice that when t > btl, 


Us=7t-b < t=u, Hence, 
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Recall that p(t) = t(l+tct) is a polynomial of degree less than or 
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a polynomial in t with degree less than or equal to m. Moreover, 
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it follows that 


F< 7 k+3 + y e@ 4k+2 


where, by estimating integrals by the rectangular formula 
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Hence, F = O(1). Therefore, L 2 fe mm) are O(1). in other 


words, = Q(1). 
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The estimate of ae y < 2k+2, is similar to the 


estimate for the case of Bernstein Polynomials. We use the Euler- 


McLaurin formula. By equation (3.7), 
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where a and qd. are absolute constants. In other words, we can 
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Using the Euler-McLaurin formula as in the corresponding 


estimate for the case of Bernstein Polynomials we obtain 


- = 0(1) 


(Q.E.D) 


Remarks III.1.10 

1° The saturation theorem for Baskakov operators which we 
have just proved is applicable to functions with growth not faster 
than some v(t) = (tty The saturation theorem for the Szasz 
operator proved in Chapter Il is applicable for functions with 
growth not faster than as Hence, the theorem proved in this 


chapter does not contain the result for Szasz operators proved in 


the last chapter. 
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2° The conditions in Definitions III.1.1 are slightly 
different from those in the original definition (c.f., [2] and [54]). 
The differences are, the corresponding intervals in conditions (1), 
(3) and (4) have been changed to [0,8), where 8 satisfies 
condition (5). 

These modifications are based on the concrete examples. For 
instance, in case of Bernstein polynomials, M_(£,x) = B (fx) 
09) = Genus B= 1% In this case. 00) would not satisfy 


condition (3): en 6) (x) eg Urey eh eS all 


3° The condition (5) in Definition III.1.1 is in fact 


equivalent to one of the conditions, ice., 


used by Suzuki in his saturation theorem for Baskakov operators 
(([54], p.- 441). The condition (3.13), as being equivalent to 
condition (5) of Definition III.1.1, is enough for proving the 
saturation theorem, while the other conditions, i.e., conditions (20), 
part of (21), and (22) of [54], are redundant for this purpose. 

We would like to point out that the notation E(c) used 
by Suzuki is equal to the "8" in our definition. The value of 
E(c) is equal to ©» when c > 0 a is equal to er when 
c <0. The formula that "E(c) = if ¢ # 0,1" given 
by Suzuki is valid only if c= -1. 


We shall show in the next proposition the equivalence of 


conditions (5) in Definition EreR. 1) and’ (3. 19). 
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Tt {$, (x) } is a family of functions defined in 
Definition III.1.1, then the following are equivalent: 


(1) for any fixed M> Q, 


. k 
lim ¢,(t)t' = 0, k=0,1,....M ; 
t > 8B 
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(3) for any fixed M, 
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The implication (3) => (2) is trivial, and the 
implication (1) => (3) has been shown in equation (3.8). It 
remains to show the implication (2) => (1). First, for k= 0, 
we must show lim >, (t) = 0. This fact follows from conditions 


(2 ks 
(4) and (2) of Definition III.1.1 and the following simple 


calcualtion: 
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Next, for 0 < k <M, where M is an arbitrary but fixed 


constant, using integration by parts, we obtain 
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Using these facts and the condition $, (0) = 1, we obtain from 


enuatione (arco) that, “lin <6. (t) ls = 0. 
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(Q.E.D.) 


4° We do not intend to say that condition (5) of 
Definition III.1.1 is of more natural form than the condition (3.19) 
(E(c) = 6), othe additional condition (5) here was introduced in 
the study of Baskakov's operator directly from the original work 


of Baskakov, and is independent of Suzuki's work. However, we 


would like to note that Suzuki is the first one who noticed the 


necessity to introduce an extra condition. 
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§2. A General Linear Combination 


In his paper [8], Butzer asked whether there exists other 
linear combinations of degree not exceeding rae approaching f(x) 
more closely than the combination B (fk, t). 

We shall give an anser to this problem in the present 
section. 

For convenience, we refer to the operators discussed in 
Chapter I together with the Baskakov operators as the Bernstein- 


type operators. 


Definition hil .2.1 
Let S,(£,t) be any of the Bernstein-type operators. Let 


.,d, be (k+l) distinct positive integers, and define 
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We state the following condition: 


Detinition Lll.2.2 


A function f is said to satisfy condition A if 
f « C(Q) (for Bernstein polynomials, Q =*(0,1] 5 for Baskakov 
operators. = [0,8), and for the other operators, ® = [0,~)), 


A 
|£(t) | < Mp, (t) (for Baskakov operators, v(t) = {l+t) , for 
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other operators, v(t) = oie for some A> Q. 


We have the following 


Proposition if1.2.3 
Suppose f satisfies condition A and let [a,b] ¢ Q. 


Then 
bee Lt AS eles exists, then 


(k+1) 


|S, (EK E)-F(E) | = 00 ) 


Kote 
Zeke l ig foc 6 [a,b], then the above relation is 


uniform in any subinterval [a, »b,] e*(ap). 
oe it pS ie) Cz) exists, then 
MTS (Esk, t)-£(t)] 
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where Q(j,k,t) are polynomials in t such that Q(2k+2,k,t) = 
+ k 

= Cy p(t)* : and Q(2k+1,k,t) = Cy D(tY op Abe 
This proposition would become clear by the following 


lemma. 
Lemma III.2.4 
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Proof 


Consider the Lagrange Polynomial 
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is a polynomial of degree k, Le me.2) 20%, In particular 
at 2 = 0 mM ey 
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(Q.E.D.) 


The proof of Proposition III.2.3 is similar to the proof 
of Lemma II.1.4: expand f(u) to the Taylor polynomial at point t, 
-m 2 2m 
and then use the fact that A A OA.t) = f W(A,t,u) (-u-t) du is 


Q 
a polynomial in ee and Lemma III.2.4. The details will be omitted. 


Remarks III.2.5 


1° If we choose oe = 25 the combinations defined in 
(3.23) reduce to the combinations investigated by Butzer in [8], 
(csf., (Z.1)). If, however, we choose ., = jt+l1, 4 mL ctese te Od 
use Bernstein polynomials B (Ek) in place of S,(£,t), we obtain 
a polynomial S (fk, t) which is a linear combination of BCE.) 


of degree (ktl)n, but approaching f(t) with the same rate as 
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BL (f£,k,t) (defined in (2.1), which is of degree ae Hence, the 


Proposition III.2.3 gives a positive answer to the problem raised 


bay goa fe 


2° A similar saturation result is also true for this 


"general" combinations, but we cannot prove it here. 


To state the difficulties, we need a slightly more general 


notation. Let us denote by S.(f,t3d,5 yore dy) the combination 


defined in (3.23) corresponding to dosdjs+++sdy- Then, although 


we do have a recursion formula 


1 
S\(£,t3d,,---.d,,,) = ~——>_{d Si. (Fitsd faced ie Me 
r 0 k+1 qd do [Sully ys 1 k+1 
- dS (£,tsdgs---sd,)3 é 


we are unable to prove (directly) the induction step. That is, 


from 


me 
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[S,C,t3dgs-+- sd.) -fCe)I = 0(A 


we cannot deduce (directly) 


Pee" 
|S (£,t.d Farag = 0(A -) 


wae 
19 
for any d, ,--.,d, . Thus, we cannot conclude the existence of 
“5 i, 
¢ 62k) as out intermediate step. 


However, this problem can be solved by using the result 
of the next chapter. The procedure may look odd from a logical point 
of view, namely, before proving the saturation problem (the optimal 
> 


case), we prove the inverse problem (the non-optimal case); but in 
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proving the non-optimal case, we need one direction of the result 
in the optimal case (the easy direction), the result stated in 


Proposition III.2.3. After proving the non-optimal result, we are 


able to conclude f« ges from 


-(k+1) 


185 (2,034 pba end, Dnt) = 0(A ied: 


and this exactly is what we need for proving the optimal case. 
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CHAPTER IV 


THE INVERSE THEOREM 


§1 Definitions and the Inverse Result 


Let S,(£,t) be the Bernstein-type operator. Let 


S,(£,k,t) be a linear combination corresponding to dy ody o+-+ ody 


derined by Definition IIL.2.1: “That is; 


k 
(401) Seeds a) reece eC Ent) ae 
4 did 
jac j 
where 
k d. 
(4.2) , C(j,k) = I ae ra F 
i=0 “jj i 
i#j 


We have seen [Proposition III.2.3] that S,(£,k,t) converges to 


ne? This order of convergence 


f(t) with the optimal degree 
can actually be used, at least for some special combinations, to 


determine the smoothness of a function. 
In this section, we shall discuss a way of measuring the 
smoothness of functions when the exact degree of convergence is 


slower than the critical order of convergence for S,(£,k,t). This 


is the inverse problem. 


Definition IV.1.1 
Suppose the optimal rate of convergence for a family of 
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operators S,(£,t) converging to f(t) is q(A). The non-optimal 
problem, or the inverse problem, is to determine the class of 
functions f such that S,(£,t) converges to f(t) with the rate 
qqay® foreach’ @,°-0 < peel. 

Inverse problems are, in general, more difficult to solve 
than the direct problem. In the direction of solving the inverse 
problems for Bernstein-type operators, Berens and Lorentz [5] have 
already proved an inverse theorem for Bernstein Polynomials (not for 


combinations). Their result is: 


Theorem IV.1.2 


Let "0"< a.4 25 “fe ClOsl]. and B (ft) be the Bernstein 


polynomials. Then ll p(t) 7 1B (£,t)-£(t)]| = Hees if and only 


c[o,1] 


it £ € Lip*(a3;0,1), where p(t) = tCUl=t), and Lip*(a3;0,1)'= 16 = c[0,1]; 


sup | £(-+t)-2£(-)+£(--t) | < Mh} is the Zygmund class. 
t|<h 
Since the above theorem is a global result, it would be 
interesting to see a local inverse theorem; that is, to determine 
the local smoothness of functions from the local convergence 
properties of BL ffst). Another question is, can we obtain a similar 
result for "general" combinations of Bernstein-type operators? 
We would like to have complete answers for the above 
questions. However, the solutions we have obtained so far do not 
fit the Phillips operator, which is defined as 
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i 
For later reference, we use S,(£,t) to refer to 


co k 
A -rt At k 
S\(£,t) e ( + £(>) x the Szasz operators; 
k=0 E 


2 1 ane 3 
s(f.t) = (ei coy i e nu/t u" ertaidd ; 


3 
Cat 3) Sf >t) = B (fst), the Bernstein polynomials; 
eo 2 
i / ye 
Stat) = = f e ACu-t) f2 £{u), du vs 
0 
k 
5 Fe k b(t) k _/k 
Se = 3) Gd Seca? eet Gp mathe Backakoy 


k=0 


operator defined in Definition III.1.1. 


The notations in (4.3), except Sa(t ty) are the same as in (2.19). 
That is, the notation for the Phillips operator in (2.19) is used for 
Bernstein polynomials here. However, this change will not cause any 
ambiguity, for we shall not deal with the Phillips operators in 
this chapter. 

Before stating our result, we need the following notations 


and definitions. 


Definition [V.1.3 


1° A function f is said to satisfy condition A if 
f « C(@) (for Bernstein polynomials, { = [0,1]; for Baskakov 


operators, % = [0,8), and for the other operators, = [O5) 5 
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other operators, v(t) = Se for some A > Q. 


2° The kernels of S)(£,t) will be denoted by W,(A,t,u). 


ail 
That is, S,(£,t) = f W, Q,t,u) £(u) du. 
Q 


3° The various moduli of continuity, We CE hsa,b). 4 are 


defined by induction as follows: 


a) Arf (x) = A f(x) = £(xth)-£(x) 
ket] 
atten) = a Ace(x) =] (-D 
y=0 


ay Caeate 


b) Bre (x) = f(x) = fx + By Bee 3) 


—kt+1 _- <-k 
A f(x) = A A f(x) 


and 
(4.4) w (£,h,a,b) = sup{ {arf x) | 5] ¢| ‘<chk RtKE eo lab ye. 


4° For O<a<2, the generalized Zygmund class is 


defined as 
(4.5) Liz (a,k;a,b) = {f; w,,(£,h,a,b) < mh} 


From the above definitions, we observe two additional 
Facts: 
5° In equation (4.4), A can be replaced by As that is, 


we also have 
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Also, 


—2m am {2m 
Af) = eared) 7) £(x+(m-i)h) 
i=0 


6° In (4.5), when k=1, the class Liz (a,1) reduces 


k 
to the usual Zygmund class Lip a. 


We are now in a position to state our inverse theorem. 


Theorem IV.1.4 


Let O< a, < aj, < ees < b ee) Goa oie Ors Oars. 


and suppose that f satisfies Condition A. Then in the following, 


the implications (1) => (2) <=> (3) => (4) hold. 
a 
ats (k+1) 
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2) fr © Laz (a,kt13a, yb.) : 


(3) If t = a(ktl), then 


(a) ms tml, om = 0,1 Zoek, | mpi ies 


(m) ¢6™) 


f exists and € Lip (t-m,a, 5b.) 5 
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(oy fost, m= 0,1,2,.0.52k, implies pe 
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The equivalence of (2) and (3) is known, (c.f., ([58], 


Dp 4.2575 933 and 337)... The implication of (3) 2 toa(4) .whengent is 
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not an integer, follows easily by applying Holder's inequality, but 
we have not found a similar way to show the equivalence when Tt is 
an integer. We shall therefore prove the implication of (2) to (4) 
instead of proving it for the individual values of t in (3). 

In the following we shall use S,(£,k,t) instead of 
S\(£,k,t) if no ambiguity occurs. ° 

The proof will be divided into two parts. We first prove 
the special case when f is of compact support strictly contained 
inside the open interval (a,b), and then pass to the general case. 

The method used in proving the case when f has compact 
support is similar to the one used in the proof of [5] by Berens and 
Lorentz: We shall show, under the restriction that supp f c (a,b), 
that the conditions (1) and (2) in the theorem, with (a, »b,) being 
replaced by (a,b), are both equivalent to the fact that f belongs 
to an intermediate space C (a,k;a,b), which will be defined in the 


next section. 


§2 The Space C (a,k3a' ,b"*) 


Let [a,b] be a fixed interval, and let [a',b'] ¢ (a,b). 


Let G denote the class 


C457) G= {g3 ge cota supp @ ¢ ja .p It 


(where ere is the space of 2k+2-continuously differentiable 
fe) 


functions with compact supports). 
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Further, for functions f « Cy (space of continuous functions 


with compact supports) with supp f c [a',b'], we define a Peetre 


K-function by 


(4.8) K(Est) = ine {(|#-gll + E(|lell+lle6?**?? II) 3 
gE 


where 0 < € <1. The norms in (4.8) are the supremum-norms on 
aes). 

A continuous function f with compact support in [a',b'] 
is said to belong to C(a,kt13;a',b'), OS Sic ee ae) ee ole 
(4.9) | ell, ees ts 

O0<E<1 

Peet tnree'. 

We shall show in this section that, under the restriction 
that f has compact support strictly in (a,b), the condition (1) 
in Theorem IV.1.4 (with ay and by being replaced by a and b 
respectively) is equivalent to the fact that f belongs to 
C(a,kt1;a' ,b') for some [a',b']) © (a,b). 

First observe that, from the condition supp f ¢ (a,b), 
we can choose a', a", b' and b" in such a way that 
Ae al <a bs. Deee,bve—bveand supp £ <o[a";b. |. 


We begin with some estimates involving the K-function 


defined in (4.8). 
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Since supp f c [a"',b"], there exists an h« G, such that 
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qokt2 
+ 5 Ie OI Sas ero) J W(4,A,toueCuddulley. 4) 
j= ay 


We first estimate I: From the relation 


= WO, t,u) = as W(heeeuy Care) [elek)e (ieee) end e ah mae mean 


easily obtain by induction, that 
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sf x 
where qy .(u,t) are polynomials in u (and > which are 
»J 
bounded with respect to t for t € [a,b]. Hence, we have 


[Lemmas II.1.8, 11.2.8 and Corollary bileles] 
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(supp f£ U supp g © [a,b]), where i is oes ee eaes of ers: 
Secondly we estimate I,- Estimating I, for Bernstein 
polynomials is easy, for by-the formula (1.8) (1), p. 25 in [40], we 


have 


: ay > 
(360g, go (ewMinetcha ji, swan Se ae.’ 
week 


Ha ewBiegiy: sd iacngtn ie “nn | 


Giga NE de, tae 

own italy boa) wt statagmetey Sam igs Re 

svat au .S305H sf0ka Scie dhs lee idee “4 
nin ce at 87 8 


. eae oi 


Halli sg, shubtonie ws 


i 


5 Nand, i p 
Pree 8 ee eee . 
a pee “hte 


| a Wale a ‘ ve 
iy. a 7 
pre 2 a 


ON. 


a 


Oi ICO a = 
j=0 J J 


1 
a W, (dyn-(2k42) 554) [BN (yy [du 


k 
eu) le ey eee 


j=0 Cla,b] 


Similar estimates hold for Szasz and for Baskakov operators. ‘However, 
to estimate I, for ae) we have to use a different approach. 
Since ne fwO,t,u)udu is a polynomial in t and A 
wiose.degree in gt,,is i, [Lemmas , 11.1.8, [Ls2s8eand Tilsi.e). it 
follows that 
a i 
=a W(A,t,u)u du = 0 for ico tins 
dt 
Therefore, as a linear combination of the above equations, 


we have 
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Then for the Taylor expansion, 


2k+1 2 (2k+2) 
g(u) =) BOO Geos st 
2=0 ‘ 


(é) powelihe 
(2k+2)! er) 


and use of (4.15), we have 


< Bae 9 ait RAMANA wna Poa a 
2 (OSA he SR AAT emma a3 pee 
Saale 


kee ai | initia | 


, Suicit bialiheele We gPsbitece Salath say eaeeheneadt 


- eons )* ome) we at ed Y 


eo ve a a 


hex to boton [aa = ' 
a a etn) - 


a an ; De 7 


lips) ie" Den 


oi, 


2k+2 


| 3 
(4.16) ——— § 
| ier Oller a by 


2k+2 
Il g (2k+ Aili ieee 2k+2 | 


W(A,t,u) | (u-t) 


a ees duller by: 


pokt2 


Applying equation (4.12), and using the aforementioned lemmas, we can 
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The previous two lemmas give one direction of the following 
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In particular, the theorem is true for AS =n as in the case 
of Bernstein polynomials. 
This follows similarly to the result in Lemma IV.2.1 with 
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proof. 
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84. Proof of Theorem IV.1.4. The General Case 


In this section, we shall prove the inverse theorem for 
the general case. The proof will be divided into two parts: The 
implication (2) to (4) and the implication (1) to (3). The 
equivalence of (2) and (3) is known. 

Before the proof, we first observe the following fact, which 


will be frequently used in the proof. 
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where the little “o" terms in (4.35) are uniform for t « fa'.b* | 
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Lip (1-6 ,x).y,). Next, forjt « [x5 Vo], we form 
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where the Oe term is uniform for t € [x, so] 


(Lemma IV.4.1). 
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where &€ and n are between u and tt. 
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(m-1) 


(4.47) eh cry ce S| Su e-ef ee lee 


for some M > 0. Therefore, 


I 
ee Ere 


k : y 
em euouly 1 
< Mik || y eae max || { W(d,A,t5u) 


O0<j<k x4 


+ fuct| tte aul| 


C(x s¥o] 


wb (3 asain SY 08 siaepey 
~ Gy Pay AaeuyR wo 4D ints Z 


vats-ahigys’ a + cg Sy, 74 


S\aiyg 4 rr ia lecitet at nea 7 
rs teptet-F) qii » ‘Cg ata sadl _ 


109, 


y 
Ii 
<M’ max || f WGa: Nee yu) use| ayaa re ey A 
0<j<k ci ea pati 
by Jensen's inequality. Thus 
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Combining the above estimates, we obtain 
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(1) pe exists, fe € Lip (t-mt1,a, 5b.) 
if m—-o < % < m 
a = K 
(4.50) (yn eee) Veiataeiee See ee Map (1,a,,b,), if t= 2 
(3) ey exists, g im) € Lip (t-m,a, 5b.) , 


1f m < t < mtl—26. 


EGoote 


Let Xo Yas i =1,2,3 and g be defined as in 


Chet e! 3 


Daiihiskes Jani uoleanen + a i 
7 


ae ner eileen Aeardell 


Mahe gt > FRE ic 


Ere: F. ro slit ) “a Ant 


“4 a ore 


1 Cydageelttans) ata 3 Es capstnge My cg) 
mie YT > Sew 7 
mms tt hie et) ants “Ph: pean, “ORY ‘* 


Codi cman) ght 9 Os  aielve ms tay 
(kaka > 7>- Bt 


as 


110. 


Lemma IV.4.4. As an intermediate result, Lemma IV.4.4 yields 


-1/2 


1S, (fg,k,t)-fa(t)| |.) = 0(./*) 


x5 »Vo] 
Furthermore, since fg has compact Support in [x3 593] ‘= (X55¥5)5 


Theorems IV.2.3 and IV.3.1 imply (by virtue of the equivalence 


(2) <=> (3)) that 
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Le me & < mtl—Zo. 


Since c(x)) = "Leon [a,,b,], restricting ourselves 
to this interval, we can replace fg by f in (i), (ii) and (iii) 


above, which gives the equation (4.50). 
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§5 An Application to the Saturation Problem of 


the General Combinations 


As we have stated in Chapter III, Section 2, an interesting 
application to the optimal case of approximation can be derived from 
the non-optimal results we have just proved. 

Recall that, in the proofs of the saturation theorems in 


Chapters II and III, we needed an intermediate result, that is 
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the existence of f » to ensure the interchange of limits of 


expressions of the form: 


(4.51) lim lim < Rats CESK aS. Gl ok. set.) > 

Lote hv J ots QR Le a ’ 
which have been proved by induction on k in the corresponding 
theorems. 

We have pointed out that we are not able to carry the 
induction procedures when S\(£,k,t) is representing the general 
combinations defined in (4.1) and (4.2). Therefore, in order 
to show the corresponding saturation theorems also hold for such 
general combinations S,(£,k,t), we have to justify the interchanging 
of the limits in (4.51). The interchanging of the limits would be 
permitted if g 62k) € cial pi: (a",b") > supp g, where g is 
the corresponding function in (4.51). However, this is a direct 
consequence of the inverse theorem. (In fact, we can conclude from 


oe Lips (os a.esbaue for any, 


the inverse theorem that 
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Moreover, a slightly stronger result can be derived: 
instead of using the subsequence dj = 2a J in the statement of 


the saturation theorems (i.e., Theorems II.1.2, I1.2.1 and III.1.2), 


one can use correspondingly any subsequence ds Of) A. “Such? that 
es 
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It is worthwhile noting that the saturation theorem for 
"seneral" combinations holds for Phillips operators too, since in 


the proof of the saturation theorem I1.1.2 the induction step was 


not used. 
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We conclude this section with the following theorem: 


Theorem IV.5.1 


Suppose O<a< ay < by <be, f£ satisfies condition A 
(defined in Definition IV.1.3), and A, is a sequence tending to 
infinity not faster than some geometric sequence, then for 


S,(£,k,t) (denoting general combinations defined in (4.1) and (4.2)) 


of a Bernstein-type operator and for 


k+1 | 


Lr lek a.b).= IS, (£k,°)-£C lor b] 


the implications (1) => (2) => (3) and (4) => (5) = (6) 


hold, where (i) i= 1,...,6 are given by: 
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CHAPTER V 


EXPONENTIAL FORMULAE FOR SEMIGROUPS OF OPERATORS 


§1 Semigroups: Definitions and Remarks 


Saturation and inverse results for the Bernstein-type 
operators can be further generalized as we shall discuss in this 
chapter. Applications to exponential formulae for semigroups of 
operators will be given. 

We begin by stating some definitions. For a detailed 
discussion of semigroups, we refer the reader to the book of 


P.L. Butzer and H. Berens [10]. 


DerinietongVel. t 

1° A family of operators {T(t); t > 0} defined on a 
Banach space xX is called a C semigroup of operators if the 
following conditions are satisfied: 


(i) 1T(O0) = I, the identity operator; 
(ii) T(t, +t.) = T(t, )T(ty) 


(Git). ‘s-lim TCt)t = £e (f € X). 
e007 


2° The operator A on (a subspace of) X defined by 


pve eet 


asears 
whenever the limit exists, is called the infinitesimal generator 
o£ 2*4T(t)}. 
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The operators Nee r = 0,1,2,..., are defined inductively 
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The subspace D(A’) of X denotesthe domain of Aas 
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§2 Exponential Formulae 


A Co semigroup of operators {T(t)} can be approximated 
by formulae known as exponential formulae ([28], p. 359). The rates 
of convergence of some of the exponential formulae in terms of the 
moduli of continuity of T(t)f and AT(t)f were investigated in 
[10], [16] and [17]. A saturation theorem for some of the 
exponential formulae can be found in [22]. In [22], we have 
investigated the exponential formulae of Hille, Kendall, Post-Widder 
ands PhLEtips:. 

The aim of this chapter is to investigate the saturation 
and inverse problems for certain linear combinations involving these 
exponential formulae. 

For {T(u)} a C semigroup of operators on a Banach space 


X, we define: 


Detinition V.2. 1 


The exponential formulae are the operators 
H, Q,k,t) on X_ given by: 
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H,(A,0,t), i= 1,2,3 and 5 are usually called the 


exponential formulae for semigroups of operators of Szasz, Kendall, 


Post-Widder and Phillips, respectively. 


Definition V.2.2 


The subspace Boggy (ty) of xX is defined as 
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Definition V.2.3 


The subspaces Lip, Casto), Lip, Cast.) and 
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Liz, Ca,k,t ) (k = 0,1,2,...) are given by: 


(5.3) Lip, Cast.) = {f € X: wp (£,h36) <O(h acer e aes 
Tine Cas NE ee h- O(h® 
ip, (a;t.) = e X; w(f,h5é) - O(h), E> to} 3 
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§3 Saturation and Inverse Results for Exponential Formulae 


From the similarities of the expressions for the exponential 
formulae defined in Definition V.2.1 and the classical operators 
discussed in the previous chapters, one would expéct that similar 
Saturation and inverse results would be proved for exponential 
formulae for semigroups of operators. 

As a matter of fact, the following theorems can be reduced 


easily from our previous results. 


Theorem V.3.1 
Let of eek, wand si T(t)ot a Ojeebera C ~semigroup s xe 

where X is a reflexive Banach space. Then for any i = 1,2,...,5, 
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are polynomials depending on k and i. 


Theorem V.3.2 

TEP HE(t) sFth>eOleispa C -semigroup on a reflexive Banach 
Space X, fe X, En > Oe and 10 <son< 2 Athen for i= ee. 3 
and 4, we have 
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§4 The Saturation Theorem 


Theorems V.3.1 and V.3.2 are consequences of the theorems 
proved in the previous chapters. To see this, we need a slightly 
more general version for those theorems. 

We shall examine this problem more closely. For convenience, 
we shall not state the change in the conditions in case of Baskakov 
operators, since we do not need it in the formulae for semigroups 
of operators. 

Suppose f €« C([0,~),X), X is a reflexive Banach space, 
£cedIly < Me" then $,(f,k,t), k= 0,1,2,... are functions 


in C([{0,°),X), which converge to f(t) pointwise with respect 
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1o the norm in X. 
To prove the saturation problems, we use first arguments 


‘ similar to those of Lemmas II.1.3 and I1I.2.3 to show the equivalence 
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Then, by Alaoglu's theorem, there exists a function h ¢ L,([a,b],X) 
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Similar to Lemmas II.1.4 and II.2.4, we obtain 
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where Q(j,k,t) are polynomials depending only on the kernels 
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As with the real-valued cases, we can conclude from (5.5) 
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Following the same argument as before, we see it remains 
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§5 The Inverse Theorem 


The inverse problem can be solved similarly, that is, by 
generalizing Theorem IV.1.4. We define an intermediate space 
Ci(a,k3a! ,b') consisting of functions f in C (19%) ,X) with 
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is equivalent to f « Ci(a,k3a',b"). 

Following Theorem IV.3.1, we obtain the equivalence of 
fie C (a,5a',b') and f € Liz (a,ktl;a,b) for such functions 
(i.e., supp f € (a',b')). This completes the proof of the special 
case. 

The general case can be deduced from the special case by 
a similar argument used in Section 4 of Chapter IV. Im this case, 
the corresponding function g (by considering the produce fg we 
reduce the orginal case to the case of functions with compact 
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"scalar-valued" function, that is, g« C-([0,%) ,k). 
The rest of the proof is carried out analogeously. 
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